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The state of stress of a homogeneous and piecewise-homogeneous plane with a
thin-walled elastic inclusion of finite length was investigated in [1 —4], The
maun attention in [1, 2] was paid to determining the difference in the shear
stresses on opposite edges of the inclusion under the assumntion that the displace-
ments are equal, Consequently, the solution of the Prandtl integral equation, to
which the problem reduced, is suitable for flexible inclusions with a sufficiently
high elastic modulus, The approach in [3, 4] for the case of a homogeneous
plane was somewhat different, where the relative displacement of the inclusion
edges was taken into account while the difference in the originating stresses was
neglected, Some results for a corresponding periodic problem were obtained in
(5, 6.

The periodic problem of elastic equilibrium of a plane consisting of two bon-
ded isotropic half-planes with finite thin-walled elastic inclusions on the straight
line of separation of the materials is studied, A system of singular integral equa-
tions is obtained, whose solution is suitable for inclusions of any stiffness from
absolutely stiff or flexible but inextensible to absolutely yielding (slits), There-
fore, a close connection is established between crack theory and the theory of
thin-walled elastic inclusions, In the limit case, the solution is obtained for the
problem of one inclusion in a more accurate formulation than in [1 —4],

The elastic equilibrium of a plane consisting of two bonded isotropic half-planes

with thin-walled elastic inclusions of length 2¢ and width 2/, arranged on the straight

S LA R

line separating the materials with the period

r | 2m (Fig, 1), is considered, It is assumed that
;"{ = the half-planes are subjected to stresses at
‘2_{' y l|_pl> infinity ((yyoo = P, 0,° = Py, 6™ =

b T T ,JWM |y P,) as well as to the system of pt groups

_j Toer_ U w ¢ n‘}_) of concentrated forces Q; = Q.; - iQy;
A | | acting1 at the points z,; -+ 2nn (j = 1, 2,
-] = ey PN ono=0, 41, 42, ...) and p?

L 4

1
I

groups of moments A, applied at the points
Zpo + 2nn (kK =1,2, ... 0% n =0,
Fig., 1 -1, +2, ...). The first m' groups of for-
ces and m2 groups of moments are applied

at points of the lower half-plane, and the rest in the upper half-plane, Such a load se-
lection permits considering the problem periodic since the stress-strain state is identical
at the points z -+ 2nnt {(n = 0, + 1, 4-2, ...), Therefore, we can henceforth limit

owselves to analyzing the strip |z | <C 7, |y | < oo.
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Periodic prublem for an elastic plane with thin-walled inclusions 495

Let L, denote the set of intervals [2nn — a, 2nn + a] (n = 0, +1, 42, ...)
occupied by the inclusions, and L, the rest of the real axis,
Taking account of the small thickness of the inclusions, let us write the boundary con-

ditions on the line y = 0 as (1.1
, . . H* (@) —if* (@), z&L
(@ — 1 Ten) — (Sy2 — 1 Twy) = [1(2)—ifa (x):{ ' 0, ’ e L:
fs* () +1/* (2), z= Ly

(Ui A 1vy) — (' +ivy') = f3(x) + i fy(x) :{ 0, e L,
fi(x)=[i(x 4+ 2nm), | =1,2,3,4 n-=0, 41,42 ...

Under the assumption that the transverse strains are equal at the edges of the inclusions
we have, by analogy with [7], four conditions for interaction between the thin-walled
inclusions and the surrounding medium

ul, + u2l — 2k05x — k]_ (Gy]_ + 6y2) (1. 2)
h ’ r
Uy — Uy = ”_O(rxyl + rxyz) —h (Ul + 125} )
Uy — uy = —ky (04, — 0y1)
vy — Uy = koh (Oyy + Oye) — 2kiho,, =Ly
Here x
e = N_d e | [Tep® —Ten () df, 2nn—a<z< 2 +a (1.3)
nmr—a
n = 07 i 17 i 2’
1 Vo _ k12 — ko2 . EO ]_. 4
k(’:Tx." kl:TET’ ky = k1 v Mo = T ) (1.4

The subscript 1 refers to the lower half-plane, the subscript 2 to the upper half-plane,
Txyi» Oyi» Oy; are the shear and normal stresses, u;, »; are components of the displa-
cement vector, £, v, are the elastic modulus and Poisson’s ratio of the material of
the inclusions, /V_ is the normal stress on the left endfaces of the inclusions, and f; (z)
are periodic functions to be determined,

2, The sresses and displacements are given by the formula [8]

Oyj — 1 Tayj = D (2) + @;(2) + 2 D" (z) + ¥ (2) 2.1
2p; (" 4-1v") = %;D; (2) — D5 (2) — 2 Dy (2) — ¥;(2). j=1,2
D; (z) = Z*Sjx (2) + I'; + Dy; (2)
W;(2) = Z R (2) + Z2Ry* (2) + T3 + o5 (2)
ad Q
Six(z) = —e; ;"L—z‘,a;k—_—z;'

k

bai u.ak (;Ok_‘_ 2nm) Qk
R (2) = ¢ 2 [z—}—Zan:—z T EF2an—z

N==—00

0k Ok)2

0

iM 1 1
k —_——

Ry* (z) = o 2 zf2nn—z 0 T sy d =)

)

k0
N==—o0
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Si= 2 Hi= 2, Ti= (P +P)
k=1 p=mt1

Fj, ::%(PMP]), i, ]_;1’2

®,; (z), Wy, (z) are functions holomorphic outside L; which vanish as z — z -} ico.
Let us determine @, {z) in the upper half-plane S, and @, (z) in the lower half-

plane Sl by the relationship
(Df (Z) = ——'6]- (Z) — Z@j’ (Z) — Yif‘j (Z), cE ST, k=12 k& i
and by using formula (1,421, 3) in [9] we obtain on the real axis
Oy — Ty = Dy~ (2) — D" (2) + 4, () (2.2)
2uy (uy” - i9y") = @y~ (1) + Dy, (2) + By ()
Oys — iTgys = Dgp* (2) — Dy (2) + 4, (2), 2p,y (" + 1)) =
%@y (2) + Doy~ (2) + By (2)
A;(z) :MA.f + &2 (0 — Q) L () — QL (2) + QCi (2)] +
i
z5 z—n’i Ly* (x)
B;(z) = B; +
- — — iM
;5 (0 — Q1) L@) ~%Quly(2) — GyCi(@)] — 57 % L* (2)
A;:I‘j“{—fj«l—Fj/, B,‘::'K_;Fj——fj-—*fj’
L) = gootg (S ), L) = Aeng (257

1 . o [ T — 5y R
Ci (2) = — (Zox — Zox) CoseC? ( 3 2 > + Ly (x)

v

Using the relationship (2, 2) and solving the appropriate conjugate problem we find
from conditions (1, 1) after some manipulation

Doy* (2) = - (21X () + 1Y (2)] (2.9)
D™ (2) = L= [— 20X (@) + Y (@)
Oy (2) = £2 [~ 20 X" (2) + ¥ (@)

Doy (2) = L 2 X" (@) + Y ()]

. Ry 2 3 i t
X* @) = £ Q0@ + a@) +il @]+ o | 2EEEE O

YE@ = £ 5 (0@ —h @+ i @)+ g | TOZLOL0 4

—0
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B B
o (1) = Z}f:) !:p(x) v Q@) =41 (3) — A5 (2), 1=y + %ata

Ca1 = g + Hglly
Substituting (2, 3) into (2, 2), separating real and imaginary parts, and also taking ac-
count of the periodicity of the functions f; (x), we obtain expressions for the stressesand
the derivatives of the displacements
oy () = 0,’ (z) 4 mye*fy (x) + 41, (2) + myyt, (2) —litty (z) (2.4)
Oye (T) = 0y (2) — f; (z)
Tay1 (2) = Ty” (2) + myptfy () — Lfa (@) — mypty (2) —
Litts (), Teys (2) = Tyyy (2) — fo (%)
Ox1 (7) = 04° (2) + Ny ~fr (2) - riptfs (%) + nytty (z) —
re "ty (x), |z|<=n
Ox2 (T) = 04° (2) — Moy~ f1 (%) — raytfs (2) + Ngy*ty (2) —
Ta1 7ty (1)
u/ (z) = v (z) + Lfy (2) + mgtfy (2) + Lty (x) +
My 7te (7), uy (2) = uy' (2) — f4 (2)
v (7) = v (2) — by (2) + my e (2) + L*e (x) — Tty (z
w' (2) = v/ () — [, (2) o meits (9

Hetre (o (@ = Im 1/, (2)] + Re ([ (2)] 2.5)
o’ (z) = Re [[; (2)] —Im [/5 ()]
62 () = Im [}, (2)] + 2Re [—2¢;5 Q4L () + 2T; —
("1)] Tin @ (.Z) + QniAJ' (.’L‘) + p.in"/ln(v’i:)l
u”’ (z) = Im [/, (z)] + Re [, (2)]
v (z) = —Re [I, (»)] + Im [/, (z)]

¢ 1 ¢ nhQ(t) —2r50 ()
mx):—g (t)ctg( Vat, L@ =+ | 2000 0
R EE VAR ARIES (LIS

I;(z) = m21+A1 (@) + myt 4y (z) + 210 (2)
1(0) =35 Bi@) + 5o By (@) — Q@)

p’n 1 + p’y 1 +
Un = — €nj — 3 Mn s Pjn = _cjn -3 mjn
3e . Lc; ¢ :tc. %
o+ ni L lin kg, M T
rJ'n pllpa C12€21 P’z 2c12¢91
de
+ - M — _
M Zeigear ll Hilte < =+ ca1 >

c21%1 - c1aXe . . .
W= v =L B3 G Q=1 g
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[¢] o] [e} o or
(0%, 021", 022, T®, U™, °° are the appropriate stresses and derivatives of the dis-
placements on the line joining the half-planes in the absence of inclusions),
Substitution of (2, 4) into condition (1, 2) results in a system of integral equations

ts (7) + Mirta () 4 Aaaf1 (2) 4 Misfs () — My S (@) dt = Fy(x) (2.6)
SM

£3(2) 4 Aasly (2) + Aasfa (T) + Aasfy () — Ay s(t)dt = F; (x)
ts(z) + Agits (2) + 7»32]‘3 () + Agsf1 () +-

Snmm+M5nuw Fy(x)

f3(‘r)—_2fl(x).- \z[\a<n
Here 1
Fy (@) = g 1kN_—u” (»’f) — ks, (z)] (2.7)
(-7:) )~
Of xu 1
Fo(z) = [U (@) — — 7{]
1 -

Fy(z) = 11—4-'_5110(37) + m —VON_J

_ omy~ — kit e A kili™ - As
7“11—_1\1—1 7\'12——1\1—‘7 Ay = A
Moy = — mat + polst

21 = R Ve

- lz‘plo — A3 o L~ —{— }L()As . 30

}"22—T1 }"23~T7 }“31—‘_ I
ll— Aa

}“32 — l1+ ) A'33 _ll—+

. ko . Ho o Vo 1
My A, M= oAy ' M T mppr M= o Zhkoli

- 1

A =07 Fhmy, Ap=m o — 4" Ay=my* — -

The stresses at infinity and the elastic constants of the materials are connected by
the relationship (2. 8) and the desired functions by conditions (2, 9)

neB, = WB, (2, 8)
S fi)dt =A%, i=1,2 34 (2.9)

—a

A' =0, A2 = 2h (N, — N_), A% =t —ec, Ab =gt — o

The normal stresses at the endfaces of the inclusions /V,. are determined by the for-
mula . »
min (o, 1.) vz
—(—L] , i—=1,2 (2.10)
Py

1 o o
Ny = = [MSx° () + Medx2” (D)] |x=tar i =
2

The quantities ¢,* and c,* characterize the displacement of the lower edge of the
inclusion endface x = - 4 relative to the upper edge of the same endface in the ox
and oy directions, respectively, and are evaluated by means of the formulas
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. ’ (2.11)
oF = —2h {(i o) Tay” (2) Lnax (Eo, E) + max (Eo, Ez)] -7 (x)} x=ta
Y e N R )
= max (Ko, E1) max (Eo, E3) x==d-a

Because of the interface conditions, the normal and shear stresses (with the exception
of oy (%)), as well as the derivatives of the displacements of the edges of the inclu-
sions are described by (2, 4), where the subscripts 1 and 2 should be referred to the lower
and upper edges of the inclusions, respectively, The mean normal stress in the transverse
section of the inclusion 0 is determined by (1, 3),

In the case of absolutely stiff inclusions (&, — o0) ,we have f; (z) = f, (x) = 0,
and the system (2, 6) goes over into one equation to determine the functions f; (z) +

ifs () 1 a
e 3 10 + i Olcte (“55)dt + 45 (1@ + ik @] = @12)
e 0 @) — @), J2]<

when E, = 0, we obtain f, (z) = f, (z) = 0 and the integral equation of the
periodic problem for the system of slits on the line separating the two plane media is

S g Vs )+ i@ otg (55 )dt — 5 /5@ +ife@] = @.19)

"ll_’r- [6,°(z) — i1, (@)], |2 |<a

If the inclusions have a negligibly small bending stiffness, then we can a priori
put Gy, == Oy,. The fourth equation in the system (2, 6) should be eliminated from con-
sideration and it should be considered that f; (x) = 0. In this case we have f, (z) = 0
as E, — oo and the equation corresponding to the periodic problem of inextensible
filaments mounted on a straight line separating the two materials is

o | O+ i AdOetg (“52)dt + 22 1, @) + 1Ay @) = (2.19)

A4 or i oF
e V(@) (@)

A=V =hmy (L7, lz|<a

The integral equations (2, 12) — (2, 14) have identical structure and are solved in
closed form [107],

3, Let the half-planes have identical mechanical characteristics (£, = E, = E,
v, = Vy == v). Then ‘ _
Mo = hyg = hgp = hgg = hyp = hgy = 0 (3.1)
in the system (2, 6),
Using the results in [11], where an integro-differential equation with a Hilbert kernel
was solved in particular, let us seek the solution of the system (2, 6) in the case (3,1) as
the series
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/i (x) = sec % [2 (cosz — cosa)] 2 AT, <tg —if— ctg %) 3.2)
n=g
=1,2,3 4 lz|<a

whose coefficients are determined from the infinite systems of linear algebraic equations
(3.3),(3.4) and the relationships (3, 5)

n
2
. h+1+p + 2 [rleer 2k+p + ro ZJ an+p 2J+szj+p, 2h+p} A2n+1+p = (D2k+p (3’ 3)

n=0
= A
k+1+p + 21 Bonip, 2h+pAzn+1+p = chk+p, p=0,1 k=0,1,... (3,4)
n_o ¢
1
2+ = T A2k+1+p (3. 5)

2 n
Al = 3 — A Z 2
2k+1+p = ﬂ?»u q)zlup P Az k+1+p — }Vl an+p 2h+pAzn+1¢p
N=0
Here

. a o .
O = 2sin - g' + C1 Ay 4 C24,%,  Dp =2 Sm%gz2 +CPrAG!
OF = 25in L g2 + Cody’ + (P4,

D, = -:;(7»11(131 — @ + = “M Zl By, l(‘Dnl)

n=0
o kedd’ M =M= 2M'Ag’
;"—k2~7\421’ lﬂ_—m__&’ ry= T4 ry=Ayhy —1

Jrs
Cl=C—MBy,, CF=— M€y, CP=—C — hy'B_y,
Cp= 7\'3'3—1, 1 — AanC,
Ci = M'B_y,,—C;, C,—msin %‘(tg %)‘“, M o= 2tg L,
| . )
Ayt = = cos% At
1

g/ = SGi [Zarctg (xtg%ﬂ 1’)]/1~x (1—1—x2tg \—ldx

—1

Gy (x) = Fy (x) + A2 Gy (x) = Fy (x)—lrz2 A?
Gy (2) = F3(2) — g,; (A5’ A% + A, A1)

Bucayi = —8(+ eig 4 Z( e+ 0 (e )" x
[sin EG25T e — 27 — 171 fm? — (@) + 0+ 277
i=1,2,3,4; m,1=0,1,2,...

(T, (x), U, (x) are Chebyshev polynomials of the first and second kind),
Using the estimates presented in [11], it can be shown that the systems (3, 3), (3,4)
are at least quasi-regular for any geometric and physical parameters of the problem
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and the method of reduction is completely applicable for their solution,
The stress intensity coefficients at the endfaces of the inclusions are determined by
the formulas

{k—lu k~2u k—31. = xli;g:io {V% - 1{Gyi () Txyi (T)y O (x)}] (3.6)

(e Kb W =_ T 11— 2 (5 @), Tae @)y 0m @)

X—rt-af0
Using the formula
1 a
—a

Jy, 5 (@) — sign(x) Ty (tg —Zi ctg §>sec [2 (cosa — cosa)]™?
a<l|xjCm, k=01,

) T, (tg 7 Cbg = > sec-;— [2 (cost — cos a)] Hdt =

1
J1,0(x) = 5 sec~ tg 5 1, (@) = icosec 3 (sec ) Up1 X
it — kE-=1,2,...
<tg2ctg 2), 1,2,
we obtain from the relationships (3, 6)
kL = F mpKE + L'KE, kS =+ mpKE+ K (3.7
k-31 =+ nfszi _—i—r;sz y k—isz =4 n;IK;t ir;lfﬁt
k+11 = mLKit, k:ﬁz = m:']_Kf:, kibm = mIzK«?, kitzz“—_— ""722+1Kzi
k)rj:sx = 73;21(1i + rfng‘_L", kfsz = ?2;1K1i - 7'2+1K3:‘t

e a . - 3
K =sec o (Qasina)™ D (=047, 121,25 j=1,234

n=g

In the case of symmetry of the external load relative to the coordinate axes
] s a N
D] = 25111-2— g, Gix)=F;@), F.(x)=0, j=1,234 1=01,...

the functions F, (x), F4 (z) are even and the systems (3, 3), (3, 4) as well as the rela-
tions (3, 5) yield Yo 43 = A% = A4 =0, k.=0,1,.

Hence, we obtain [, (2) = f; (x) = 0, | x| < a in particular,
Denoting the stress intensity coefficients for the case of force and geometrical sym-
metry of the problem as

by = 1 “1ir ]fzzikfn == :¥Zfizzs ks = k~az (kﬂz = k—a = k:}:n =0)
we find from (3, 7)
by = —mpK, + [,"Ky, Ky = m;zK;z: by = — n;}Kz + ek,

- a . - i
K= sec —(2asina)™ D Al 2.4
n=jH
The coefficients Aln,; (j = 2,4) are found from (3, 3) and (3, 5) for p = 0.
A numerical analysis of the problem was carried out on the M-222 electronic com-
puter for two symmetric loading cases:
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LT} L7}
2 Iy
0.9 0.09
Y
2
26" 0.06
11 >
g " /
, = 0.03 =]
0.3 P R /
5 y 7
il o o
7 0.5 1 0 25 {
Fig, 2
A\
X H
'gT{“ p e \ #
7 1
0.45 l 0.009
g
0.3 7 0.006 X \ 6'
—-/ J 7
0.15 /1 0.008 <A !
y
5
24
0 0.5 ] 0 05 NY
Fig, 3

1o, =P, 0= P;=0{ =1, 2),
no concentrated forces and moments ;

2) loading is by the concentrated for-
ces --iQ, applied at the points -+ i —
2 nm  respectively (n = ... — 2, —1, 0,
1,2, ...).

The system (3, 3) is solved (forp = 0)
by the method of reduction, i, e, a finite
number of terms N was taken into ac-
count in the expansion (3, 2), and conse-
quently a corresponding truncated system
of linear algebraic equations was consi-
dered, The convergence was checked by
two methods: by comparing the functions
£V (@) (j = 2, 4) evaluated for ¥ = M
and N = 2 M ,respectively, and by com-
paring the accuracy of satisfying the ini-
tial system of integral equations (2, 6)
in the case (3,1) by the functions f;" ()
found, In the examples considered, de-
pending on the relative length of the
inclusion « = a/ m, it turned out to be
possible to limit oneself to the solution
of a system of equations from the 15-th
to the 50-th order to achieve a 1% ac-
curacy in the calculations,

The calculations were performed for
a / ho== '10, V) = V= 1/3.

Figures 2 and 3 illustrate the depen-
dence of the normal stress intensity coef-
ficient ki on the relative length of the
inclusion ¢ in cases 1 and 2, resepctively,
The curves 1 — 11 correspond to the fol-
lowing values of the relative stiffness of
the inclusions ; = Eo/ E : 0.001, 0.01,

0.1, 0.2, 0.5, 1, 2, 5, 10, 100, 1 000. The results represented by curves 1 — 11 differ from
the solutions of periodic problems for slits and absolutely stiff inclusions, respectively,
by not more than 1 —2%, When « is almost zero, we arrive at the results for one isolated

inclusion,
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FREQUENCY SPECTRA AND MODES OF FREE VIBRATIONS
OF DOUBLY PERIODIC SYSTEMS

PMM Vol, 39, N3, 1975, pp.530-536
V.N, MOSKALENKO
(Moscow)
(Received June 27, 1974)

An analog of the finite element method is proposed for the solution of natural
vibrations problems for doubly -periodic systems, The approximate solution is
constructed for each separate element, The infuence of adjacent elements is
taken into account by the introduction of force factors and matching conditions,
Numerical examples are analyzed,

1, Let the doubly-periodic system be generally referred to an oblique Oz, coor-
dinate system so that the properties of the system are repeated for a displacement a,
along the (., axis and &, along Ox,. Let us consider the vibrations of a single element
bounded by the lines z," — 0, x," = a,, ," = 0, ' = a, in a local coordinate
system. Let us represent the dicplacement vector for the vibrations mode as a series ex-
pansion in a system of coordinate functions

N
utkh = SCHFvn) (1.1)

n=1



